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Based on the non-relativistic Coulomb model within which the matter is a system
of interacting electrons and nuclei, using the quantum field theory and linear
response theory methods, opportunity for the existence of the second critical point
in expanded metals, which is directly related to the metal–nonmetal transition,
predicted by Landau and Zeldovitch, is theoretically justified. It is shown that the
matter at the second critical point is in the state of true dielectric with zero static
conductivity. The results obtained are in agreement with recent experiments for
expanded metals. The existence of the second critical point is caused by the initial
multi-component nature of the matter consisting of electrons and nuclei and the
long-range character of the Coulomb interaction.
PACS number(s): 64.60.F-, 64.60.fd, 67.10.Fj, 65.40.Ba
2Currently, the experimental data on the transition of liquid metals at high temperatures
and pressures to the non-metal state were obtained not only for mercury, cesium, and ru-
bidium (see [1] for more details), but also, due to dynamic experiments, for aluminum, iron,
nickel, copper, molybdenum, and tungsten (see [2] and references therein). However, the
experimental study of this phenomenon called the metal-nonmetal (M-NM) transition for a
long time did not confirm the old idea by Landau and Zeldovitch [3] about that the M-NM
transition is the first-order phase transition (see Fig. 1). In this case, as is known [4], the
M-NM phase transition, being the first-order transition, is characterized by:
(i) different densities (in metal and non-metal phases);
(ii) transition energy (heat);
(iii) critical point which does not coincide with the ordinary critical point of the liquid-vapor
(L-V) phase transition;
(iv) triple point: liquid-liquid-vapor or vapor-vapor-liquid.
The absence of direct experimental data confirming the Landau and Zeldovitch [3] hy-
pothesis from the viewpoint of testing the above items (i)-(iv) is caused by extraordinary
difficult arrangement of static experiments at high temperatures and pressure. Therefore,
strictly speaking, a final conclusion about the existence of this phase transition has not yet
been made. As before, it seems most promising to study mercury to confirm the existence of
the M-NM phase transition, for which this transition, judging by experimental data on the
static conductivity, occurs at the lowest temperature and pressure among other liquid met-
als. Exactly for expanded liquid mercury in the region of the M-NM transition, small angle
X-ray scattering measurements [6] and very accurate ultrasound velocity measurements [7]
were performed. These measurements indirectly confirm the hypothesis of the correspon-
dence of the M-NM transition to the first-order phase transition (for more details, see [5]
and references therein). In this respect, no less significant are the results of [8] in which a
technique for determining the equation of state was developed in studying the M-NM tran-
sition in expanded liquid iron by the dynamic method. This allowed the authors of [8] to
draw the conclusion on the confirmation of the Landau and Zeldovitch hypothesis and the
existence of the second critical point whose thermodynamic parameters differ from those of
the ordinary critical point.
For this reason, it becomes extremely significant to construct the theory allowing a con-
sistent explanation of the existence of the second critical point and its correspondence to
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Figure 1: Possible phase diagrams a) and b) with two critical points - for the liquid-vapor phase
transition CPL−V and for the metal-non-metal phase transition CPM−NM , according to Landau-
Zeldovitch hypothesis [3]; GNM - non-metallic gas, GM - metallic gas, LNM- non-metallic liquid,
LM - metallic liquid, SM - metallic solid.
the M-NM transition. It is clear that the most adequate basis of such a theory is the
so-called Coulomb (or physical) model of the matter. This model considers a quantum
non-relativistic system of electrons and nuclei interacting with each other by pure Coulomb
interaction (Coulomb system, CS). For such a system the quasi-neutrality condition
∑
a
zaena = 0. (1)
is satisfied. Here na is the average density of the number of particles of type a, which are
characterized by the charge zae, mass ma, and chemical potential µa.
The main feature of the CS is the long-range nature of the interaction between charged
particles, which simultaneously is the main advantage of the Coulomb model of matter. Such
an approach does not require the use of model potentials (pseudopotentials) with fitting
parameters, since the Coulomb interaction potential between matter particles is completely
defined.
To construct the statistical theory of the CS, there exists a well developed formalism
based on the quantum field theory methods; however, specific results for thermodynamic
functions and kinetic coefficients mostly can be obtained only for the case of weakly nonideal
systems (see, e.g., [9] and references therein). Nevertheless, there exist a number of exact
4results [10-13] for solving the problem of the second critical point and its interrelation with
the static conductivity. Using these results, we will show that two critical points can exist
in the two-component CS consisting of electrons (subscript e) and nuclei of the one type
(subscript c). At one of the critical points, the matter is in the specific new state of ”true
dielectric” (state with zero static conductivity).
To prove this statement, we will proceed from the determination of the thermodynamic
parameters of the critical point [4]
KT = −
1
V
(
∂P
∂V
)
{Na},T
=
{ ∑
a,b=e,c
nanb
(
∂µa
∂nb
)
nd,T
}−1
→∞. (2)
where KT is the isothermal compressibility of the considered two-component Coulomb sys-
tem in the volume V at temperature T , and pressure P , Na is the total average number
of particles of type a. Relation (2) should be understood in the thermodynamic limit:
V →∞, Na →∞, na = Na/V = const while satisfying the quasi-neutrality condition (1).
We emphasize that, despite the quasi-neutrality condition, both densities {na} and chem-
ical potentials {µa} in the CS should be considered as independent parameters until deriving
the final expression for the physical quantity characterizing the CS. Only in this final expres-
sion, the quasi-neutrality condition (1) is used (see [13,14] for more details). We note that
from the stability requirement the Coulomb system can be considered only within quantum
statistics [9]. In this case, from the dimension reasons, the CS critical parameters are purely
quantum quantities [10]. For this reason, in the theoretical study, it is necessary to use
specified chemical potentials {µa} instead of specified densities {na} when defining the pres-
sure P , i.e., the grand canonical distribution [13,14] should be used instead of the canonical
distribution. This means that we should use derivatives (∂na/∂µb)µd,T instead of derivatives
(∂µa/∂nb)nd,T . To this end, we use the thermodynamic equality∑
p
(
∂µa
∂np
)
nd,T
(
∂np
∂µb
)
µf ,T
= δa,b (3)
For the two-component CS, using the set of equations (3), it is easy establish the relation
between derivatives (∂µa/∂nb)nd,T and (∂na/∂µb)µd,T . In this case, the isothermal compress-
ibility takes the form [11-13]
KT =
[(
∂ne
∂µe
)
µc,T
(
∂nc
∂µc
)
µe,T
−
(
∂ne
∂µc
)
µe,T
(
∂nc
∂µe
)
µc,T
]
× {ϕ(µe, µc, T )}
−1 , (4)
5ϕ(µe, µc, T ) = n
2
c
(
∂ne
∂µe
)
µc,T
− nenc
(
∂ne
∂µc
)
µe,T
− nenc
(
∂nc
∂µe
)
µc,T
+ n2e
(
∂nc
∂µc
)
µe,T
. (5)
It should be noted that expressions (4) and (5) for the isothermal compressibility are
fully consistent with the description of small-angle neutron and X-ray scattering [15-17].
From the limit relation (2) for the isothermal compressibility, taking into account (4) and
(5), we come to the conclusion that the critical point in the two-component CS is possible
in two cases [11]
(A) while simultaneously satisfying the limit relations(
∂ne
∂µe
)
µc,T
→∞
(
∂nc
∂µc
)
µe,T
→∞; (6)
(B) while satisfying the condition
ϕ(µe, µc, T )→ 0. (7)
We now pay attention that conditions (6) correspond to the limit relation for determining
the critical parameters of the L-V phase transition for the model single-component system
with the short-range potential of the interparticle interaction (the so-called simple liquid)
(see, e.g., [4]). The difference is that there is a single limit relation when considering the
simple liquid, instead of two ones (6) for the CS which is initially a two-component system.
Therefore, we can consider that conditions (6) correspond to the ”ordinary” critical point
of the L-V phase transition in the two-component CS.
Thus, we need to show that the condition (7) corresponds to the critical point associated
with the M-NM phase transition. To consider the CS static conductivity σst, we will use
the linear response theory within which the interparticle interaction can in principle be
adequately considered (see, e.g., [9]).
According to a linear response theory, the quantity σst is directly related to the long-
wavelength limit of the longitudinal dielectric permittivity (DP) εl(q, ω) [18],
ε(ω) = lim
q→0
εl(q, ω) = 1 +
4pii
ω
σ(ω), σst = lim
ω→0
σ(ω). (8)
In this case, the longitudinal permittivity is given by
εl(q, ω) =
{
1 +
4pi
q2
χR(q, ω)
}−1
, (9)
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Figure 2: The possible variants a) and b) of qualitative behavior of the static conductivity in the
vicinity of the second critical point CPM−NM , according to the present theory (see also [11]).
where χR(q, ω) is the retarded Green’s function ”charge-charge”
χR(q, ω) =
∫ ∞
0
dt exp(iωt)fχ(q, t), fχ(q, t) = −
i
h¯V
〈[ρq(t), ρ−q(0)]〉. (10)
Here ρq(t) is the Fourier component of the charge density operator in the Heisenberg
representation, angle brackets denote averaging with the grand canonical distribution. Re-
lation (10) should be understood in the thermodynamic limit. From (8) - (10), using the
quantum field theory methods [14], it immediately follows [19] that the dynamic conductiv-
ity is defined by the known Kubo formula [20]. Thus, the dynamic permittivity ε(ω) has a
ω-singularity in the static limit, which is related to the static conductivity,
ε(ω)|ω→0 →
4pii
ω
σst, (11)
At the same time, for the static permittivity ε(q) = limω→0 ε(q, ω), the limit relation [15] is
satisfied
lim
q→0
q2{ε(q)− 1} = κ2, κ2 = 4pi
∑
a,b
zazbe
2
(
∂na
∂µb
)
µc,T
, (12)
where κ, being the quantity inverse to the screening length, characterizes the length of
static external field penetration into the CS at arbitrary thermodynamic parameters in the
normal unordered CS. Thus, the longitudinal permittivity εl(q, ω) is characterized by two
singularities: 1/ω in the static limit ω → 0 of the dynamic permittivity ε(ω) (see (11)) and
the singularity 1/q2 in the long-wavelength limit q → 0 of the static permittivity ε(q) (see
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Figure 3: The experimental data [2], [5], [21] for the density dependence of the static conductivity for Al,
Cu and Fe, which demonstrate minimum σst and, according to the presented theory, placed in the vicinity
of CPM−NM .
(12)). As shown in [12], these singularities of the longitudinal permittivity are one-to-one
related. In particular, this means that the disappearance of one of the singularities results
in the disappearance of the other,
σst → 0↔ κ→ 0. (13)
It follows from relation (13) that the screening length of the Coulomb interparticle interac-
tion is larger than any characteristic size in the state of ”true” dielectric with zero static
conductivity, and the screening effect is reduced only to a change in the interaction ampli-
tude [11,12]. As a result, it can be considered that charged particles are in the collective
”localized” state with zero static conductivity, which is caused by the ”divergence” at long
distances between particles. We now pay attention that the isothermal compressibility KT
is a physical quantity; therefore, in relations (4) and (5), we can use the quasi-neutrality
condition (1) for densities, rather than their derivatives. Thus, we obtain
ϕ(µe, µc, T ) = n
2
c
{(
∂ne
∂µe
)
µc,T
− zc
(
∂ne
∂µc
)
µe,T
− zc
(
∂nc
∂µe
)
µc,T
+ z2c
(
∂nc
∂µc
)
µe,T
}
. (14)
8Figure 4: The experimental dependence of the static electrical conductivity σst on pressure along the
isotherms in mercury (see [5], [22],[23] and references therein). The intersection of the isotherms for conduc-
tivity confirms existence of the CPM−NM . It is necessary to underline that in reality the continuous curves
for conductivity on this figure are obtained from the experimental points (similar to the results on Fig.3)
and the smooth character of these curves can be violated for some values of the thermodynamic parameters.
Taking into account relations (12) and (14), it follows from (13) that
σst → 0↔ ϕ(µe, µc, T )→ 0. (15)
We come to the conclusion that expanded metals in the second critical point associated
with the M-NM phase transition are in the state of true dielectric (the state with zero
conductivity) (see Fig. 2). According to the present theory (see also [11]) in the point
CPM−NM the substance is in a specific state which we named the ”true dielectric” (or
”absolute dielectric”). In this state the static conductivity equals zero. Conductivity near
the transition characterizes by temperature dependence σst ∼ (T − T
M−NM
c )
γ: in the case
a) with γ > 1; in the case b) 1 > γ > 0 (there is singularity in the temperature derivative
of σst). The similar pictures can be drawn for the dependence of σ from other variables as,
e.g., pressure, or density, since the thermodynamic process which leads to the CPM−NM can
be chosen arbitrary.
The experimental data on the conductivity of various metals [5,21] confirm this conclusion
(see Fig. 3 for Al, Cu and Fe and Fig. 4 for mercury). The position of the local minimum of
9the conductivity characterizes the approximate value of the corresponding thermodynamic
parameter of the second critical point in expanded metals. In mercury, according to the
experimental data [5], we can suppose that TM−NMc > T
L−V P
c and, therefore, the case b) on
Fig. 1 is realized (with PM−NMc > P
L−V P
c ).
Thus, based on the above consideration and available experimental data, we can argue
that there are two critical points in expanded metals. One of the critical points corresponds
to the ordinary L-V phase transition; the second critical point corresponds to the M-NM
phase transition. It is shown that if the second critical point exists, the CS at this point is
in the state of true dielectric with zero static conductivity. The results of this paper give
the general and explicit explanation of the opportunity for the appearance of the second
critical point and show the way of it possible calculations. The developed consideration will
be further applied to other elements, including hydrogen and the noble gases.
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